Abstract. The Newton strata of a reductive p-adic group are introduced in [8] and play some role in the representation theory of p-adic groups. In this paper, we give a geometric interpretation of the Newton strata.
Newton stratum of G is the intersection of G with the corresponding σ-conjugacy class ofG. A similar result holds if we replace the σ-conjugacy classes ofG by the subset ofG stable under the ordinary conjugation action with the same Kottwitz point and Newton point.
The situation is more subtle for non-split groups. One technical difficulty is that the Newton maps over F and overF do not coincide. The images of the Newton maps are rational coweights. The underline affine space, of the vector space spanned by coweights, may be identified with the apartment by mapping the zero coweight to a given special vertex in the apartment. However, in general, a special vertex in the apartment over F may not be a special vertex, or even not a vertex in the apartment overF .
To overcome this difficulty, we use the straight conjugacy classes of the IwahoriWeyl groups instead of the Kottwitz points and the Newton points. The straight conjugacy classes are certain nice conjugacy classes in the Iwahori-Weyl group. For the precise definition, we refer to §2. LetW σW be the set of straight σ-conjugacy classes of the Iwahori-Weyl groupW ofG. In [7] , the first author establishes a natural bijection
In other words, we haveG
where [ν] is the σ-conjugacy class ofG corresponding toν. Similarly, we consider the set of straight (ordinary) conjugacy classes W W of the Iwahori-Weyl group of G. The Newton decomposition on G is given by
where G(ν) is the Newton stratum of G corresponds to ν. See §5.1 for the precise definition.
We have the natural identification W =W σ which induces a natural map
This map, in some sense, provides a way to compare the Newton points over F and overF . However, Kottwitz points over F and overF do not match in general. The solution to this problem is to replaceW σW byW σWa , whereW a is the affine Weyl group ofW andW σWa denotes the set of straightW a -orbits onW for the σ-conjugation action. We have Theorem A (Theorem 4.1). The natural embedding W →W induces an injection i : W W ֒→W σWa . Now let us come back to the group G. LetG 1 be the subgroup ofG generated by the parahoric subgroups. Let B(G)
♭ be the set ofG 1 -orbits onG for the σ-conjugation action. Then we have
where [ν]
♭ is theG 1 -orbit onG corresponding toν for the σ-conjugation action. Now we have the following geometric interpretation of the Newton strata.
Theorem B (Theorem 5.3). Let ν ∈ W W . Then we have
In the main text of the paper, we also consider the Newton strata of G for the twisted conjugation action and we obtain a similar geometric interpretation.
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1. The p-adic groups and their Iwahori-Weyl groups 1.1. The Iwahori-Weyl group over F . Fix a maximal F -split torus A of G. Let M and N be the centralizer and normalizer of A respectively. Let
be its relative Weyl group and Iwahori-Weyl group respectively, where M(F ) 1 is the unique parahoric subgroup of M(F ). Let B = B(G, F ) be the enlarged Bruhat-Tits building and let A = A (G, A, F ) be the apartment of B corresponding to A. Fix an alcove a C ⊆ A , and denote by I ⊆ G the associated Iwahori subgroup. Then we have I\G/I = W . Let G 1 be the subgroup of G generated by all the parahoric subgroups. The affine Weyl group of G is given by
where Ω is the stabilizer of a C . We denote by S the set of simple reflections of W a and by ℓ the length function on W .
1.2.
The Iwahori-Weyl group overF . Let S be a maximalF -split torus which is defined over F and contains A. LetȂ be the apartment corresponding to S overF . The Frobenius automorphism σ ofF /F acts onȂ , and there is a natural embedding A ֒→Ȃ , which identifies A withȂ σ . Let T be the centralizer of S, and let N S be the normalizer of S. Let
be its Weyl group and Iwahori-Weyl group respectively, where T(F ) 1 is the unique parahoric subgroup of T(F ). Fix an σ-stable alcoveȃ C ⊆Ȃ containing a C , and denote byȊ ⊆G the associated Iwahori subgroup. Then I =Ȋ σ andȊ\G/Ȋ =W . LetG 1 be the subgroup ofG generated by all parahoric subgroups. The affine Weyl group ofG is given byW
whereΩ is the stabilizer ofȃ C . We denote byS the set of simple reflections ofW a and byl the length function onW .
The following relation between the Iwahori-Weyl groups over F and overF is proved in [14 and Ω =Ω σ . Moreover, for x, y ∈ W , if ℓ(xy) = ℓ(x) + ℓ(y), thenl(xy) =l(x) +l(y).
2. Straight elements and straight conjugacy classes 2.1. Definition. In this section, we work with an arbitrary extended affine Weyl group W . Let ℓ be the length function on W and S be the set of simple reflections. We may write W as
where W 0 is a finite Weyl group and Y is a finitely generated abelian group containing the coroot lattice ZΦ ∨ for W 0 . Moreover, we have W = W a ⋊ Ω, where W a = ZΦ ∨ ⋊W 0 and Ω ∼ = Y /ZΦ ∨ is the set of length zero elements. Let S 0 = S∩W 0 be the set of simple reflections in W 0 .
Let θ be a length-preserving automorphism of W of finite order. We define the θ-twisted conjugation action on W by w · θ w ′ = ww ′ θ(w) −1 for w, w ′ ∈ W . We denote by W/ θ W the set of θ-twisted conjugacy classes of W .
An element x of W is called θ-straight if ℓ(xθ(x) · · · θ n−1 (x)) = nℓ(x) for n ∈ Z 0 . A θ-twisted conjugacy class of W is called straight if it contains some θ-straight elements. We denote by W θ W the set of straight θ-twisted conjugacy classes of W .
Two arithmetic invariants. Let
be the composition of κ with the projection map Ω → Ω θ . We call this map κ θ the Kottwitz map.
Let Y Q = Y ⊗ Z Q and Y + Q be the set of dominant elements in Y Q . Let w ∈ W . Since θ is of finite order and W 0 is a finite group, there exists a positive integer n such that θ n = 1 and wθ(w) · · · θ n−1 (w) = t λ . We set ν w,θ = λ/n ∈ Y Q . It is easy to see that ν w,θ is independent of the choice of n. Moreover, we denote bȳ
is constant on each θ-twisted conjugacy class of W . We call this map the Newton map.
We define a map
is not injective. For example, if θ acts trivially on W , then all the conjugacy classes that intersects W 0 maps to (1, 0) ∈ Ω × Y + Q . However, this map has a nice section. Theorem 2.1. [10, Theorem 3.3] The map π θ induces a bijection from W θ W to Im(π θ ).
2.3. Now we study W/ θ W a , the set of W a -orbits on W for the θ-twisted conjugation action.
A W a -orbit on W is called θ-straight if it contains a θ-straight element. We denote by W θ W a the set of straight W a -orbits on W . Then we have the following
This map factors through a map
The proof is similar to the proof of [10, Theorem 3.3] . We provide a proof here for completeness.
Minimal length elements.
Before we come to the proof of Theorem 2.2, we recall some results on the minimal length elements of θ-twisted conjugacy classes.
Let w, w ′ ∈ W . We write w 
, and an element u ∈ W J such that xθ(J)x −1 = J, ux ∈ W θ−min and w → θ ux.
(2) Let w, w ′ ∈ W be two θ-straight elements which are θ-twisted conjugate under W a . Then w ≈ θ w ′ .
2.5. Proof of Theorem 2.2. Let w ∈ W and let J, x, u be as in Theorem 2.3 (1) such that w → θ ux. As xθ(J)x −1 = J and W J is finite, we have
′ ∈ W be two elements, which are θ-conjugate by W a to some θ-straight elements such that π
, we can assume further that θ(S 0 ) = S 0 . In particular, θ preserves the set of simple coroots. Write
In particular, w, w ′ ∈ W K and θ preserves the root systems Φ K and Φ L . Moreover, as κ(x) = κ(x ′ ), we have λ
and similarly, 2.6. Finally we discuss some variation of the above results, which will be used in the rest part of the paper.
Let Γ ⊆ Ω be a θ-stable subgroup. Set W (Γ) = W a ⋊ Γ ⊂ W . Let W/ θ W (Γ) be the set of W (Γ)-orbits on W for the θ-twisted conjugation action and W θ W (Γ) ⊂ W/ θ W (Γ) be the set of straight W (Γ)-orbits on W .
We set Ω θ,Γ = Ω/(1 − θ)Γ. Let
be the composition of κ with the projection map Ω → Ω θ,Γ . We define a map
Theorem 2.5. The map π θ,Γ induces a bijection from W θ W (Γ) to Im(π θ,Γ ). Proof. Consider the following commutative diagrams
We have that
, we can assume further that κ(ν 1 ) = κ(ν 
The set B(G) and some variations

The set B(G).
Recall that σ is the Frobenius morphism onG. We define the σ-twisted conjugation action onG by g · σ g ′ = gg ′ σ(g) −1 . Let B(G) be the set of σ-twisted conjugacy classes ofG. The σ-twisted conjugacy classes ofG are classified by Kottwitz in [11] and [12] . Theorem 3.1. There is an embedding
For g ∈G,κ(g) andν(g) are called the Kottwitz point and the Newton point of g respectively. We skip the definition of the mapsκ andν here. But we would like to mention a different point of view, which is useful in our paper.
The natural embedding N S (F ) →G induces the map
By [4] and [7] , the mapW → B(G) is surjective. In particular, the image of B(G) inΩ σ × X * (T) + Q equals to the image ofπ σ . By Theorem 2.1, we have a natural bijectionW σW ∼ = B(G).
Some decompositions onG.
Let θ be either an automorphism or a Frobenius morphism ofG. We assume furthermore that θ(Ȋ) =Ȋ. We denote the induced action onW still by θ.
LetΓ ⊆Ω be a θ-stable subgroup. LetG(Γ) =G ×ΩΓ be the Cartesian product. Notice that the Iwahori-Weyl group of GF isW (Γ) =W a ⋊Γ. For any ν ∈W θW (Γ), we defineG
where w is any θ-straight element inν. Note that if w ′ be another θ-straight in ν, then by Theorem 2.3 (2) w ≈ θ τ w ′ θ(τ ) −1 for some τ ∈Γ. Applying the proof of [7, Lemma 3.1 (2)], we deduce thatG(Γ) · θȊ wȊ =G(Γ) · θȊ w ′Ȋ . Therefore the definition ofG(Γ;ν) is independent of the choice of w. IfΓ is trivial,G(Γ) =G 1 is the subgroup generated by all the parahoric subgroups. In this case, we writȇ G(ν)
♭ forG(Γ;ν). Now we prove the main result of this section. Theorem 3.2. We have thatG
Moreover, if θ is a Frobenius morphism, then the θ-twisted conjugation action ofG(Γ) onG(Γ;ν) is transitive.
Proof. The statement follows similarly as [7, Theorem 3.7] . We sketch a proof for completeness.
Combining Theorem 2.3 (2) with the reduction method in [7, Lemma 3 .1], we haveG = ∪ x∈W θ−minG 1 · θȊ xȊ.
Let w ∈W θ−min and let J, x, u be as in Theorem 2.3 (2) such that w → θ ux and hence w ≈ θ ux. Thus,G 1 · θȊ wȊ =G 1 · θȊ uxȊ by [7, Lemma 3.1 (2)]. As in the proof of [7, Lemma 3 .2], we let P ⊆G be the parahoric subgroup corresponding to J and let U be its pro-unipotent radical. Denote byP = P/U the reductive group and p →p the projection from P toP. As x ∈ J W θ(J) and xθ(J)x −1 = J, the mapp →ẋθ(p)ẋ −1 gives an automorphism or a Frobenius morphism ι ofP, which preserves the Borel subgroupB = (Ȋ ∩ P)/U ofP. Applying Lang-Steinberg theorem, we haveP =P · ιB , which means
Letν,ν ′ ∈W θW (Γ). Suppose thatG(Γ;ν) =G(Γ;ν ′ ). By the proof of [7, Proposition 3.6 ],π θ,Γ (ν) =π θ,Γ (ν ′ ), whereπ θ,Γ is the map onW θW (Γ) defined in §2.6. By Theorem 2.5, we haveν =ν ′ and hencȇ
For the "moreover part, by the above arguments it suffices to show that the θ-twisted conjugation action ofȊ ⊆G(Γ) onȊxȊ is transitive if x is θ-straight. 
Proof. By definition, for anyν ′ ∈W θWa withν ′ ⊆ν, we haveG(ν ′ ) ♭ ⊂G(ν) Γ . On the other hand, asG(Γ) = ⊔ ω∈ΓG 1 ω, we havȇ
where x is any θ-straight representative ofν.
3.3. The case θ = σ. In this subsection, we consider the case that θ = σ is the Frobenius morphism. IfΓ =Ω, then Theorem 3.2 gives a natural bijection B(G) ∼ =W σW . Now we denote by B(G) ♭ the set ofG 1 -orbits onG for the σ-twisted conjugation action. The set B(G)
♭ occurs in the study of connected components of Shimura varieties [6] . Theorem 3.2 gives a natural bijection B(G) ♭ ∼ =W σWa and we have the following commutative diagram
If G is residually split, then the action of σ onΩ is trivial. By Corollary 2.4, the natural projection map the natural projection W σ W a → W σ W is bijective. Hence the natural projection map B(G) ♭ → B(G) is a bijection.
Example 3.4. If G is not residually split, then in general,W θW =W θWa and B(G) = B(G) ♭ . For example, let G = Res E/F SL 2 , where E/F is an unramified extension of degree two. In this case,W =W ′ ×W ′ and σ permutes the two copies of the Iwahori-Weyl groupW ′ of SL 2 . Let ω ∈W ′ be the unique length zero element of order 2. Then the two length zero elements (1, 1), (ω, ω) ∈W are in the same σ-conjugacy class, but not in the sameW a -σ-conjugacy class. We show that their definition of Newton points coincides with ours. Indeed, as
• ν θ (g) and thatG = ⊔ν ∈W θWG (ν), it suffices to show that ν θ (g) = ν x,θ for g ∈ȊxȊ if x is θ-straight. By the proof of [4, Theorem 2.
and L is the centralizer of ν θ,x in G. Thus, by replacing G with L, we can assume further that x ∈Ω. Then by the definition in [13, §2] , we conclude that ν θ (g) = ν θ (x) = ν x,θ as desired. 
So Y Q is an affine subspace ofY Q not containing the origin 0. The dominant chambers ofY R and Y R are illustrated in Figure 1 .
Here we consider the case whereW is of type affine B 2 and the induced action of σ onW is nontrivial. In this case, we fix a set {α, β} of simple roots forW 0 , where α is the long root and β is the short root. Then
4.2.
Proof of Theorem 4.1. Let x be a θ-straight element in W . Then for any n ∈ Z 0 , we have ℓ(xθ(x) · · · θ n−1 (x)) = nℓ(x). By Proposition 1.1, we have that ℓ(xθ(x) · · · θ n−1 (x)) = nl(x). Thus x is also a θ-straight element inW . Note that W (Γ) ⊂W (Γ). Thus the natural embedding map W →W induces a map i :
Next we show that the map is injective. Let x, y ∈ W be two θ-straight elements. In view of Proposition 2.5, we need to show that π θ,Γ (x) = π θ,Γ (y) ifπ θ,Γ (x) = π θ,Γ (y), where π θ,Γ ,π θ,Γ are as in §2.6 defined for W andW respectively. By the definition ofπ θ,Γ , we have κ θ,Γ (x) = κ θ,Γ (y) ∈ Ω θ,Γ . Next we compare the Newton points.
We fix a special vertex e of the alcove a C in A and identify A with an affine subspace inȂ that contains e. Let w ∈ W . Let n be sufficiently divisible so that θ n = 1 and
wθ(w) · · · θ n−1 (w) = tλ ∈W .
We regard wθ(w) · · · θ n−1 (w) as affine transformations on A andȂ . Then wθ(w) · · · θ n−1 (w) sends e to e + λ and also to e +λ. Therefore λ =λ. Note that in A , the special vertex e is considered as the origin. Hence ν w,θ (when w is regarded as an element in W ) defined in §2.6 equals to e + λ/n when considered as an element inY Q . On the other hand,ν w,θ (when w is regarded as an element inW ) equals toλ/n = λ/n ∈Y Q .
Up to the action of a suitable element in W 0 , we may assume that e + ν x,θ and e + ν y,θ are in the same Weyl chamber of A (with origin e). We claim that ν x,θ = ν y,θ and this will finish the proof. As ν x,θ , ν y,θ are conjugate byW 0 , it suffices to show there is no root hyperplane ofW 0 separating ν x,θ from ν y,θ . Otherwise, let γ be such a root, and denote byγ the corresponding relative root for W 0 . Then the root hyperplane Hγ ⊆ A ofγ passing through e separates e+ν x,θ from e+ν y,θ , contradicting that e + ν x,θ , e + ν y,θ are in the same Weyl chamber of A . The proof is finished.
5.
A geometric interpretation of Newton strata 5.1. Newton strata of G. Suppose that the action of θ and σ onG commutes. Recall that W θ−min is the set of elements in W that are of minimal length in their θ-twisted conjugacy classes of W .
In [8] , the first author introduced the Newton strata of G. We recall the definition here. For ν ∈ W θ W , the Newton stratum G(ν) is defined by G(ν) = ∪ w∈W θ−min ;π θ (w)=π θ (ν) G · θ IwI. The above definition of Newton strata plays an essential role in the new proof of Howe's conjecture given in [8, §5] . However, the definition is rather technical. Now we give a geometric interpretation of the Newton strata of G, using the decomposition ofG we discussed in §3.
Geometric interpretation. SetW
♮ =W (Ω) andG ♮ =G(Ω). Letπ ♮ θ = π θ,Ω be as in §2.6 defined forW , viewing Ω as a subgroup ofΩ. Forν ∈W θW ♮ , set G(ν) ♮ =G(Ω;ν).
Theorem 5.2. Let ν ∈ W θ W and i(ν) be the corresponding element inW θW ♮ . Then we have that G(ν) = G ∩G(i(ν)) ♮ .
